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Abstract
In this paper, we study the electromagnetic Casimir effects in the context of Lorentz symmetry vio-
lations. Two distinct approaches are considered: the first one is based on Horava-Lifshitz methodology,
which explicitly presents a space–time anisotropy, while the second is a model that includes higher-
derivatives in the field strength tensor and a preferential direction in the space-time. We assume that
the electromagnetic field obeys the standard boundary conditions on two large parallel plates. Our main
objectives are to investigate how the Casimir energy and pressure are modified in both Lorentz violation
scenarios.
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I. INTRODUCTION
The Casimir effect, theoretically proposed by H. B Casimir in 1948 [1] and experimentally
confirmed ten years later by M. J. Sparnnaay [2],1 is one of the most important microscopic
manifestations of the existence of quantum vacuum fluctuations. Under a classical field point of
view, it is not expected any interactions between two uncharged conductive plates in a vacuum;
however in the quantum electrodynamics the plates do affect the virtual photons which constitute
the field generating a net force. Although the Casimir effect can be expressed in terms of virtual
particles interacting with the objects, it is best described and more easily calculated in terms of
the zero-point energy of a quantized field in the intervening space between the objects. In his
original work, Casimir predicted that due to quantum fluctuations of the electromagnetic field,
two parallel flat neutral (grounded) plates attract each other with a force in natural unity given
by:
F = − Api
2
240a4
, (I.1)
being A the area of plates and a is the distance between them. The Casimir effect is traditionally
studied by changing up the idealized effects of borders by boundary conditions.
In general, we can define the Casimir effect as being a stress (force per unit area) when
boundary conditions are imposed on quantum fields. These boundaries can be material means,
interfaces between two phases of the vacuum, or even, space-time topologies. Regarding to
electromagnetic fields, it is imposed that the parallel component of the electric field, and the
perpendicular component of the magnetic field vanish on the plates.
Since Quantum Field Theory is based on Relativity, the Lorentz symmetry is preserved.
However, other theories propose models where the Lorentz symmetry is violated, as consequence,
the space-time anisotropy modifies the Hamiltonian operator spectrum.
In the quantum gravity, Hor˘ava-Lifshitz (HL) theory is a approach where the Lorentz sym-
metry is not preserved. In this theory, there exist an anisotropy between space and time, that
happens due to different properties of scales in which coordinates space and time are set. In
this way, the theory is invariant under the rescaling x → bx, t → bξt, being ξ a number named
critical exponent [4].
In addition, the violation of Lorentz symmetry has been questioned, in the theoretical and
experimental context. In 1989, V. A. Kostelecky and S. Samuel [5] described a mechanism in
1 In the 90s, experiments have confirmed the Casimir effect with high degree of accuracy [3].
2
string theory that allows the violation of Lorentz symmetry at the Planck scale. By this mech-
anism a non-vanishing expectation value of some vector and tensor explicitly imply preferential
direction in space-time, producing spontaneous violation of the Lorentz symmetry.
If there exist a violation of the Lorentz symmetry at the Planck energy scale in a more
fundamental theory, the effects of this breakdown must manifest itself in other energy scales.
Other mechanisms of violation of Lorentz symmetry are also possible, like space-time non-
commutativity [6–9], variation of coupling constants [10–12] and modifications of quantum grav-
ity [13, 14].
The violation of the Lorentz symmetry became of great experimental interest. Modern experi-
ments have shown the high accuracy of the results obtained through QFT. Under this perspective,
the Casimir effect experiments may be useful in search of vestiges left by the Lorentz symmetry
breaking. Withing this objective, theoretical analysis have been formulated to investigate the
consequences of Lorentz violation on the Casimir energy.
The study of Casimir energy and pressure associated with massless bosonic fields confined
between two large and parallel plates in the context of HL theory, has been developed in [15, 16].
As to massive scalar field, the Casimir energy was investigated in [17]. The analysis of Casimir
energy associated to massless fermionic field in HL context was developed in [18]. In the context
of Lorentz violation CPT-even aether-like, the Casimir energy and pressure has been analyzed,
for massive scalar and fermionic field, in [19] and [20], respectively. The thermal effects on the
Casimir energy associated to massive scalar field, was developed in [21].
In this present paper we want to continue in this line of investigation; however analyzing the
Casimir energy and pressure associate to electromagnetic field confined between two large and
parallel plates in the context of HL and aether-like formalism.
This paper is organized as follows. In Section II we introduce the first model that we want
to investigate. This model is a variant of the standard HL model for electrodynamics. In
this model we include, besides the standard Maxwell Lagrangian density, an extra lagrangian
that explicitly present an anisotropy between the space and time. In this new term, that only
contains contribution of magnetic fields, there appears high order space derivative. We construct
the modified field equation and present by adopting Coulomb gauge, the dispersion relation.
Also we present explicitly the boundary condition obeyed by the electric and magnetic field on
the borders. In Section III we present the Hamiltonian operator for this system, and explicitly
calculate, by using the Abel-Plana summation formula, a general expression for the Casimir
energy. Because this result is not very enlightening, we present an approximated expression and
3
compute the leading order correction term to the Casimir energy. In Section IV, we calculated
the Casimir energy and pressure in a theory that is composed by the Maxwell Lagrangian density
and extra terms that contain higher-derivative of the electromagnetic field tensor through the
d’Alembertian operator and second order differential operator (u · ∂)2, being uµ an arbitrary
constant unity vector, defining a preferential direction in the space-time. By using the generalized
dispersion relation, we were able to compute the leading order corrections to the Casimir energy
considering different directions for the unity vector. In Section V we summarize the results
obtained in the paper. Here, we assume ~ = c = 1, and the metric signature will be taken as
(+,−,−,−).
II. THE PHOTON FREE FIELD IN A THEORY WITH ANISOTROPY BETWEEN
SPACE AND TIME
As we know, the standard Maxwell Lagrangian density governs the dynamics of the electro-
magnetic field. This Lagrangian is invariant under gauge and Lorentz transformations [22]. In
this section we want to analyze the implications on the electrodynamics that smoothly violates
Lorentz symmetry, but preserves the gauge invariance.
An approach based in Horava-Lifshitz (H-L) theory inspired Farias at all [23], to propose a
Lagrangian to the scalar QED where time and space have different weights. In this case we
say that the Lorentz symmetry is broken in a hard way. In this section, we will consider the
Lagrangian given bellow to analyze the radiation field in free space. This Lagrangian corresponds
to a modification on the one proposed in [23]:
L = −1
4
FµνF
µν +
l2ε
4
(−1)ε−1Fij
(∇2)ε F ij , (II.1)
being Fµν ≡ ∂µAν − ∂νAµ the electromagnetic field tensor and Aµ ≡ (φ, ~A) the four-vector
potential. The constant l, introduced in the second term of the above expression has dimension
of length and the parameters ε is called critical exponent. Of course (II.1) recovers the standard
Maxwell Lagrangian when we take l = 0. Because Maxwell equations explain in a very good
approximation all the radiation problems, if really there exist a Lorentz violation the parameter l
must be quite small. So, our main objective is to determine how the Casimir energy, EC , depends
on the parameter l and ε, and in this way open the possibility of experimental measurements of
EC impose some restrictions on their values.
The Euler-Lagrange equation associated with (II.1), is given by
∂λ
(
∂L
∂ (∂λAσ)
)
+
(∇2)ε ∂λ{ ∂L
∂ [(∇2)ε ∂λAσ]
}
= 0 , (II.2)
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whose explicit differential equations in Coulomb gauge are:
∇2φ = 0; (II.3)
 ~A+ ~∇
(
∂φ
∂t
)
+ (−1)ε−1l2ε (∇2)ε+1 ~A = ~0 . (II.4)
Because the main objective of this paper is to investigate the effect of the Lorentz violation
on the Casimir energy associated with electromagnetic quantum field confined between two
uncharged parallel plates with areas L2, separated a distance a, and considering that L >> a,
(see Figure 1), we shall adopt the following boundary conditions [1, 24, 25]:
zˆ × ~E |plates = ~0; (II.5)
zˆ · ~B |plates = 0 . (II.6)
FIG. 1: Two uncharged parallel plates of areas L2 orthogonal to the z−axis, separated by a distance a.
Assuming the gauge φ = 0, the solution of (II.4) can be obtained in terms of the general
expression below for the vector potential:
~A = ei(kxx+kyy)
(
~αeikzz + ~βe−ikzz
)
e−iωt , (II.7)
being (kx, ky, kz) the three components of the momentum of the photon, and ω its energy.
The two constant vectors ~α and ~β are determined by imposing the boundary conditions (II.5)
and (II.6); however, we can promptly to find the dispersion relation by substituting the general
solution (II.7) into (II.4):
ω2 = ~k2 + l2ε(~k2)ε+1 . (II.8)
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This dispersion relation show us that the first term on right hand side corresponds to the
energy of a photon in standard electrodynamics [26]. The second term is the correction provided
by the Lorentz violation, i.e., the photon energy suffers a small perturbation. This interpretation
is only possible if we consider that l2ε|~k|2ε << 1.
The field equations that we found are valid for Coulomb gauge. In this sense we have
~∇ · ~A = 0⇒ (~k · ~α)eikzz + (~k|| · ~β|| − kzβz)e−ikzz = 0 , (II.9)
where we are using the following notation: ~k|| ≡ kxxˆ+ kyyˆ.
So, after some intermediate steps, we found that the following values for kz are acceptable:
kz =
npi
a
, with n = 0, 1, 2, · · · (II.10)
Moreover, the solutions compatible with the already mentioned boundary conditions present two
possible polarization for the vector potential. The solutions are:
~A~k||,n,1 =
1
2pi
√
aω~k
ei
~k||·~x sin
(npiz
a
)(
kˆ|| × zˆ
)
e−iω~kt; (II.11)
~A~k||,n,2 =

1
2pi
√
aω~k
ei
~k||·~x
[
i npiaω~k
sin
(
npiz
a
)
kˆ|| − |~k|||ω~k cos
(
npiz
a
)
zˆ
]
e−iω~kt for n 6= 0
− |~k|||
2piω~k
√
2aω~k
ei
~k||·~xe−iω~ktzˆ for n = 0 .
(II.12)
The above solutions are normalized according to∫ ∞
−∞
dx
∫ ∞
−∞
dy
∫ a
0
dz ~A∗~k||,n,λ · ~A~q||,m,σ =
1
2ω~k
δ(2)
(
~k|| − ~q||
)
δnmδλσ . (II.13)
Observing the structure of the equations (II.11) and (II.12), we can see that when the compo-
nent of moment in normal direction to the plates vanishes, there is only one polarization. Another
important feature of this solution is that they have the same structure as in the standard case
(see [27–29]).
Now we are in position to write the vector potential operator, by adopting the Fourier series
bellow and promoting the corresponding coefficients to an operators:
~ˆA =
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
∞∑
n=0
∑
λ=1,2 (n6=0)
λ=2 (n=0)
[
aˆ~k||,n,λ
~A~k||,n,λ + aˆ
†
~k||,n,λ
~A∗~k||,n,λ
]
, (II.14)
being aˆ~k||,n,λ and aˆ
†
~k||,n,λ
correspond to the annihilation and creation operators, respectively, char-
acterized by the set of quantum numbers: ~k = (~k||, npi/a) and polarization λ. These operators
obey the commutation relations for bosons [26]:[
aˆ~k||,n,λ, aˆ
†
~q||,m,σ
]
= δ(2)
(
~k|| − ~q||
)
δnmδλσ ; (II.15)[
aˆ~k||,n,λ , aˆ~q||,m,σ
]
=
[
aˆ†~k||,n,λ, aˆ
†
~q||,m,σ
]
= 0 . (II.16)
6
III. CASIMIR ENERGY
Our next step is to find the energy in the region between the plates. Using the definition
of Hamiltonian density, we obtain for the Lagrangian density (II.1) the following Hamiltonian
operator:
Hˆ =
∫
d3~x
{
1
2
(
~E2 + ~B2
)
− l
2ε
2
(−1)ε−1 ~B ·
[
(∇2)ε ~B
]}
. (III.1)
This result is interesting because it tells us that the term with higher order derivatives that
we have added in the Lagrangian density (II.1) presents exclusively magnetic contribution, i.e.,
the perturbation considered is provided physically by the magnetic field. Applying the equation
(II.14) together with the orthogonality relation (II.13) in the above equation, we find the following
expression:
Hˆ =
1
2
∫
d2~k||
∞∑
n=0
∑
λ=1,2 (n6=0)
λ=2 (n=0)
[
aˆ†~k||,n,λaˆ~k||,n,λ + aˆ~k||,n,λaˆ
†
~k||,n,λ
]
ω~k||,n. (III.2)
Then, the vacuum energy is
E0 =
〈
0
∣∣∣Hˆ∣∣∣ 0〉 = L2
8pi2
∞∑
n=0
∑
λ=1,2 (n6=0)
λ=2 (n=0)
ω~k||,n . (III.3)
Using explicitly the dispersion relation (II.8), and defining a cylindrical coordinate as |~k||| ≡
ρ(cos(θ), sin(θ)), we can rewrite the above equation as follows :
E0 =
L2
4pi
∫ ∞
0
dρρ
(
ρ2 + l2ερ2ε+2
) 1
2
+
L2
2pi
∫ ∞
0
dρ
∞∑
n=1
ρ
{
ρ2 +
(npi
a
)2
+ l2ε
[
ρ2 +
(npi
a
)2]ε+1} 12
.
(III.4)
The integral that involves the sum over the quantum number n, will be evaluated by using
the Abel-Plana summation formula [24]:
∞∑
n=1
f(n) = −1
2
f(0) +
∫ ∞
0
f(t)dt+ i
∫ ∞
0
f(it)− f(−it)
e2pit − 1 dt . (III.5)
For our case f(n) is
f(n) =
{
ρ2 +
(npi
a
)2
+ l2ε
[
ρ2 +
(npi
a
)2]ε+1} 12
. (III.6)
Consequently the expression for vacuum energy is formally expressed by
E0 =
L2a
2pi2
∫ ∞
0
dρρ
∫ ∞
0
du
[
ρ2 + u2 + l2ε
(
ρ2 + u2
)ε+1] 12
+
iL2a
2pi2
∫ ∞
0
dρρ
∫ ∞
0
du{
ρ2 + (iu)
2
+ l2ε
[
ρ2 + (iu)
2
]ε+1} 12
−
{
ρ2 + (−iu)2 + l2ε
[
ρ2 + (−iu)2
]ε+1} 12
e2au − 1 ,
(III.7)
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where we have defined a new variable u = tpi/a.
The first term on the right hand side of the above equation corresponds to the vacuum energy
in absence of plates as we will show in Appendix A. Its value is divergent and it must be removed
in a renormalization procedure [1, 26]. Then, the Casimir energy corresponds the second term:
Ec =
iL2a
2pi2
∫ ∞
0
dρρ
∫ ∞
0
du
{
ρ2 + (iu)
2
+ l2ε
[
ρ2 + (iu)
2
]ε+1} 12
−
{
ρ2 + (−iu)2 + l2ε
[
ρ2 + (−iu)2
]ε+1} 12
e2au − 1 .
(III.8)
The integral above can be calculated exactly. However, the result is not very enlightening.
So, we are going to develop an expansion in the parameter associated with the Lorentz violation.
First, we will do two changes of variables: ρ = w/a and u = s/a. The next step to expand
the term inside the integral in powers of l/a << 1. Doing this procedure, we can infer how the
Casimir energy is affected by the modification in Maxwell Lagrangian (II.1):
Ec =
iL2
2pi2a3
∫ ∞
0
dww
∫ ∞
0
ds
[w2 + (is)2]
1
2 − [w2 + (−is)2] 12
e2s − 1
+
iL2
4pi2a3
(
l
a
)2ε ∫ ∞
0
dww
∫ ∞
0
ds
[w2 + (is)2]ε+
1
2 − [w2 + (−is)2]ε+ 12
e2s − 1 +O((l/a)
4ε) .
(III.9)
Using the Euler’s formula, we find the following expressions:
[w2 + (is)2]
1
2 − [w2 + (−is)2] 12 = 0 for s < w; (III.10)
[w2 + (is)2]ε+
1
2 − [w2 + (−is)2]ε+ 12 = 0 for s < w; (III.11)
[w2 + (is)2]
1
2 − [w2 + (−is)2] 12 = 2i(s2 − w2) 12 for s > w; (III.12)
[w2 + (is)2]ε+
1
2 − [w2 + (−is)2]ε+ 12 = 2i cos(εpi)(s2 − w2)ε+ 12 for s > w. (III.13)
The four above identities applied to the Casimir energy expression result in the following
equation:
Ec =− L
2
pi2a3
∫ ∞
0
dww
∫ ∞
w
ds
(s2 − w2) 12
e2s − 1
− L
2 cos(εpi)
2pi2a3
(
l
a
)2ε ∫ ∞
0
dww
∫ ∞
w
ds
(s2 − w2)ε+ 12
e2s − 1 +O((l/a)
4ε).
(III.14)
Making the changing of variable s = wτ , we can rewrite the above equation as follows:
Ec =− L
2
pi2a3
∫ ∞
0
dww3
∫ ∞
1
dτ
(τ2 − 1) 12
e2wτ − 1
− L
2 cos(εpi)
2pi2a3
(
l
a
)2ε ∫ ∞
0
dww2ε+3
∫ ∞
1
dτ
(τ2 − 1)ε+ 12
e2wτ − 1 +O((l/a)
4ε).
(III.15)
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Again, we will make a variable change to rewrite the Casimir energy expression in a more suitable
way. Taking v = 2wτ , the above expression becomes:
Ec =− L
2
16pi2a3
∫ ∞
1
dτ
(τ2 − 1) 12
τ4
∫ ∞
0
dv
v3
ev − 1
− L
2 cos(εpi)
pi222ε+5a3
(
l
a
)2ε ∫ ∞
1
dτ
(τ2 − 1)ε+ 12
τ2ε+4
∫ ∞
0
dv
v2ε+3
ev − 1 +O((l/a)
4ε).
(III.16)
Using the following result:∫ ∞
1
dτ
(τ2 − 1)α+ 12
τ2α+4
=
1
2α+ 3
(τ2 − 1)α+ 32
τ2α+3
∣∣∣∣∣
∞
τ=1
=
1
2α+ 3
, (III.17)
we can find the value of two integrals in Equation (III.16). The two remaining integrals can be
evaluated by using [30]. So, we finally obtain that Casimir energy per unit area is
Ec
L2
= − pi
2
720a3
−
(
l
a
)2ε cos(εpi)(2ε+ 2)!ζ(2ε+ 4)
pi222ε+5a3
+O((l/a)4ε) , (III.18)
being ζ(z) the Riemann zeta function.
The first term on the right hand side of (III.18) corresponds to the standard Casimir energy [1],
the second term is the first order energy correction induced by Maxwell’s Lagrangian modification
(II.1). This correction is valid for the case where the ration la << 1. Moreover, the cosine
dependence on the critical exponent makes Casimir energy first order correction be positive or
negative.
The Casimir pressure follows directly from the above equation:
Pc = − 1
L2
∂Ec
∂a
= − pi
2
240a4
−
(
l
a
)2ε cos(εpi)(2ε+ 3)!ζ(2ε+ 4)
pi222ε+5a4
+O((l/a)4ε) . (III.19)
IV. CASIMIR EFFECT IN A THEORY WITH HIGHER-DERIVATIVE LORENTZ-
BREAKING EXTENSION OF QED
In this section, we will calculate the expression to Casimir energy and pressure in a theory
that presents, besides the Maxwell lagrangian, an extra term that contains higher-derivative in
the electromagnetic field tensor, and a preferential direction in the space-time, characterized by
a direct coupling between a constant unity vector, uµ, and the derivative of the field strength.
The photon field model that we will use is given in [31], where the Lagrangian density is
LHD = −1
4
FµνF
µν − 1
M
βµνλuβAµ
(
c1(u · ∂)2 − c2u2
)
Fνλ , (IV.1)
where c1 and c2 are arbitrary constants chosen conveniently to provide a more workable dispersion
relation.
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The first contribution on the RHS of the above expression is the standard Maxwell term for
a free photon. The second is the new one. It includes a preferential direction uµ, and higher-
derivative of the field strength tensor. The tensor βµνλ is the Levi-Civita symbol, M is scale
energy of the order of Planck mass.
In the original paper [31], the authors were able to find the dispersion relation. It is:
(ω2−~k2)2 + 16
M2
(
c2u
2(ω2−~k2)− c1(u0ω− ~u ·~k)2
)2(
u2(ω2−~k2)− (u0ω− ~u ·~k)2
)
= 0. (IV.2)
Our main objective in this section is to calculate the correction on the Casimir energy and
pressure due to Lorentz symmetry violation associated with a specific choice for the constant
vector uµ. For this reason we will consider only two possibilities in this article: c1 = 1, c2 = 0
and u2 = 1; c1 = 1, c2 = 0 and u2 = −1.
Casimir energy when c1 = 1, c2 = 0 and uµ = (1, 0)
In this case, the dispersion relation (IV.2) becomes
(ω2 − ~k2)2 − 16
M2
~k2ω4 = 0. (IV.3)
As we can see there appear a small corrections in the standard Casimir energy. Before to
develop explicitly the calculation of the Casimir energy, let us first adopt a new definition for
the momentum by ~k = (~k||, npi/a) ≡ ~u/a, and assuming (Ma)−1 << 1. Under these condition
we can rewrite the above equation as follows:
ω =
|~u|
a
± 1
Ma
2
a
|~u|2 + 1
(Ma)2
8
a
|~u|3 +O
(
1
(Ma)3
)
. (IV.4)
The first term in this equation is the usual photon energy. The following terms correspond the
corrections.
Using the approximated photon dispersion relation above into Equation (III.3), we are able
to calculate the vacuum energy correction as:
∆E0 =± 1
Ma
L2
4pi2a3
∫
d2~u||(~u||)2 ± 1
Ma
L2
2pi2a3
∫
d2~u||
∞∑
n=1
[
(~u||)2 + (npi)2
]
+
1
(Ma)2
L2
pi2a3
∫
d2~u|||~u|||3 + 1
(Ma)2
2L2
pi2a3
∫
d2~u||
∞∑
n=1
[
(~u||)2 + (npi)2
] 3
2
=± I1 ± I2 + I3 + I4.
(IV.5)
As we did in the last section, we will use the Abel-Plana summation formula, Eq. (III.5), to
transform the summations over the quantum number n above in integrals representations. Doing
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this we observe that I2 produces a term that cancel I1, contains a divergent term and another
one that automatically vanishes. As to I4, it produces a term equal to −I3, a divergent term plus
a finite one given in the expression below. Removing the divergent results by a renormalization
procedure, we transform the vacuum energy correction into Casimir energy correction:
∆Ec =
1
(Ma)2
2iL2
pi2a3
∫
d2~u||
∫ ∞
0
dt
[(~u||)2 + (itpi)2]
3
2 − [(~u||)2 + (−itpi)2] 32
e2pit − 1 · (IV.6)
These integrals are simplify when we make use of polar coordinates: ~u|| = ρ(cos θ, sin θ).
Another useful change of variable is v = tpi. The integrals in parameter v does not vanish only
when ρ < v <∞. Then, the expression of Casimir energy correction is
∆Ec =
1
(Ma)2
8L2
pi2a3
∫ ∞
0
dρρ
∫ ∞
ρ
dv
(v2 − ρ2) 32
e2v − 1 · (IV.7)
The following expression is obtained doing two changes of variables in the above equation:
v = ρτ and w = 2ρτ .
∆Ec =
1
(Ma)2
L2
8pi2a3
∫ ∞
1
dτ
(τ2 − 1) 32
τ5
∫ ∞
0
dw
w5
ew − 1 =
1
(Ma)2
L2pi5
336a3
· (IV.8)
Consequently, the Casimir energy up to the first order correction is
Ec
L2
= − pi
2
720a3
+
1
(Ma)2
pi5
336a3
· (IV.9)
The corresponding Casimir pressure reads
Pc = − 1
L2
∂Ec
∂a
= − pi
2
240a4
+
1
(Ma)2
5pi5
336a4
· (IV.10)
Casimir energy when c1 = 1, c2 = 0 and uµ = (0, uˆ)
In this subsection, we will calculate the Casimir energy and pressure associated to a photon
with the following dispersion relation:
(ω2 − ~k2)2 − 16
M2
(uˆ · ~k)4[ω2 − ~k2 + (~u · kˆ)2] = 0. (IV.11)
Again, we are considering that ~k = (~k||, npi/a) ≡ ~s/a and Ma << 1. Under this condition we
can expand the above expression in a power series of 1/(Ma):
ω =
|~s|
a
± 1
Ma
2(uˆ · ~s)3
a|~s| +
1
(Ma)2
4(uˆ · ~s)4
a|~s| +O
(
1
(Ma)3
)
. (IV.12)
The first term on the RHS provides the standard Casimir energy when applied in Equation
(III.3). The remaining terms produce the following correction in vacuum energy:
∆E0 = ± 1
Ma
L2
2pi2a3
∫
d2~s||
∞∑
n=1
(npi)3√
(~s||)2 + (npi)2
+
1
(Ma)2
L2
pi2a3
∫
d2~s||
∞∑
n=1
(npi)4√
(~s||)2 + (npi)2
·
(IV.13)
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We will use the polar coordinates, ~k|| = ρ(cos θ, sin θ), and the Abel-Plana summation formula
(III.5) to develop the above expression. Doing this the two contributions contain divergent results
plus extra terms reproduced below. The divergent results can be removed by an appropriated
renormalization procedure. In general this methodology provides the Casimir energy. But, this
does not happen here. There appear one more divergent term that will be removed latter. Them,
the vacuum energy correction is
∆E0 =± 1
Ma
i
pi2a3
∫ ∞
0
dρρ
∫ ∞
0
dv
e2v − 1
[
(iv)3√
ρ2 + (iv)2
− (−iv)
3√
ρ2 + (−iv)2
]
+
1
(Ma)2
2i
pi2a3
i
pi2a3
∫ ∞
0
dρρ
∫ ∞
0
dv
e2v − 1
[
(iv)4√
ρ2 + (iv)2
− (−iv)
4√
ρ2 + (−iv)2
]
+ divergent terms.
(IV.14)
To calculate the above expression, we will use the relations bellow2:√
ρ2 + (±iv)2 =
√
ρ2 − v2 if v < ρ; (IV.15)√
ρ2 + (±iv)2 = ±i
√
v2 − ρ2 if v > ρ; (IV.16)
(iv)3√
ρ2 + (iv)2
− (−iv)
3√
ρ2 + (−iv)2 = −
2iv3√
ρ2 − v2 if v < ρ; (IV.17)
(iv)3√
ρ2 + (iv)2
− (−iv)
3√
ρ2 + (−iv)2 = 0 if v > ρ; (IV.18)
(iv)4√
ρ2 + (iv)2
− (−iv)
4√
ρ2 + (−iv)2 = 0 if v < ρ; (IV.19)
(iv)4√
ρ2 + (iv)2
− (−iv)
4√
ρ2 + (−iv)2 = −
2iv4√
v2 − ρ2 if v > ρ. (IV.20)
Applying the six above identities in vacuum energy correction we get the following equation:
∆E0
L2
=± 1
Ma
2
pi2a3
∫ ∞
0
dρρ
∫ ρ
0
dv
v3
(e2v − 1)
√
ρ2 − v2
+
1
(Ma)2
4
pi2a3
∫ ∞
0
dρρ
∫ ∞
ρ
dv
v4
(e2v − 1)
√
v2 − ρ2 + divergent terms.
(IV.21)
Using the same change of variables as in the previews cases, we obtain:
∆E0
L2
=± 1
Ma
1
16pi2a3
∫ ∞
0
dw
w4
ew − 1
∫ 1
0
dτ
1
τ2
√
1− τ2
+
1
(Ma)2
1
8pi2a3
∫ ∞
0
dw
w5
ew − 1
∫ ∞
1
dτ
1
τ2
√
τ2 − 1 + divergent terms.
(IV.22)
The first integral is divergent, so, only the second integral on the RHS contribute to Casimir
energy correction. After some intermediate steps we get:
∆E0
L2
=
1
(Ma)2
pi4
63a3
⇒ Ec
L2
= − pi
2
720a3
+
1
(Ma)2
pi4
63a3
· (IV.23)
2 All these relations were obtained making use of the Euler’s formula [32]: eiθ = cos θ + i sin θ.
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The Casimir pressure follows directly from this result:
Pc = − 1
L2
∂Ec
∂a
= − pi
2
240a4
+
1
(Ma)2
5pi4
63a4
· (IV.24)
Before to finish this subsection we have to explain that the calculation developed in this space-
like vector case, took into account only uµ along the z−direction. For the other two directions
no correction to the Casimir energy were fond up to order 1/(Ma)2.
V. CONCUDING REMARKS
In this paper we have analyzed the influence of the Lorentz violation on the Casimir energy
associated with quantum vector field confined between two uncharged parallel palates of area L2
separated by a distance a << L. Two different approaches have been considered. In the first
one, proposed by Horava, the Lorentz violation is implemented by an anisotropy between space
and time. The second is a model that contains higher-derivative in the field strength and also a
preferential direction in the space-time. In both cases, we have shown that there appear small
corrections on the Casimir energy and pressure.
In the first model, where the Lorentz violation is implemented by the anisotropy between
space and time through the HL approach, the corrections in Casimir energy and pressure (III.18)
and (III.19), respectively, have a cosine dependence, cos(εpi). So, depending of value of the
critical exponent ε, this correction increases or decreases the force between the plates. Another
interesting point of this model is that the dependence of the distance between the plate in the
correction is higher than the standard case. The standard Casimir pressure is proportional to
1/a4, while the correction is proportional to 1/a2ε+4. In the first glance, it appears that for small
distance the correction becomes more relevant than the standard case. However this is not true,
because this correction in fact depends on the ratio (l/a)2ε that is much smaller than unity.
The second model considers two different ingredients in addition to the Maxwell term. These
new ingredients are: higher derivative terms in the tensor field strength, and a preferential space-
time direction through the presence of an arbitrary four-vector, uµ. Because the main objective
of this paper is to investigate how the Lorentz violation affects the Casimir energy and pressure,
we adopt a particular choice for the coefficient in (IV.1), i.e., we assumed c2 = 0 and c1 = 1.
Adopting, separately, that the vector is time-like or space-like, we were able to calculate the
corresponding corrections to the Casimir energy, Eq.s (IV.8) and (IV.23), respectively. These
corrections are of order O(1/(aM)2). As to the situation where the spatial preferential direction
is orthogonal to the plates, it produces a correction in the Casimir pressure that is 1.69765
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bigger than the correction with a preferential direction in time. Moreover, the Casimir pressure
corrections in these two cases are proportional to 1/a6. And, again increases faster than the
standard 1/a4. So, the only way to make these results plausible is considering Ma >> 1.
If the Lorentz violation is a reality, it is possible that all results in the standard QFT have
small corrections in a scale that we are not able to access yet.
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Appendix A: The Vacuum Energy Without Plates
In this Appendix we will show the formal expression of vacuum energy without plates.
Applying the following periodic conditions for the vector potential:
~A(0, y, z, t) = ~A(L, y, z, t), ~A(x, 0, z, t) = ~A(x, L, z, t) and ~A(x, y, 0, t) = ~A(x, y, a, t), (A.1)
we can express a free field as a Fourier series [26]. Considering a large value for L and a the
summation under all possible momentum becomes a integral. So, in absence oft plates, the
vacuum energy Ev in the region with volume L2a is formally given by
Ev =
L2a
(2pi)3
∫
d3~kω~k =
L2a
(2pi)3
∫
d3~k
[
~k2 + l2ε(~k2)ε+1
] 1
2
. (A.2)
Using cylindrical coordinates, ~k = (ρ sin θ, ρ cos θ, u), the above expression is rewritten as follows:
Ev =
L2a
2pi2
∫ ∞
0
dρρ
∫ ∞
0
du
[
ρ2 + u2 + l2ε
(
ρ2 + u2
)ε+1] 12
. (A.3)
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